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Static strings in global AdS space and quark anti-quark potential
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We investigate the finite temperature quark anti-quark problem in a compact space Sn−1 × S1
by considering static strings in global AdSn+1 space with n ≥ 3. For high temperatures we work
in the black hole metric where two possible solutions show up : the big black hole and the small
black hole. Using the AdS/CFT correspondence, we calculate the quark anti-quark potential (free
energy) as a function of the distance. We show that this potential can be intrepeted as confining for
the AdS space and deconfining for the big black hole. We find for the small black hole a confining
limit for the potential but this solution is instable following the Hawking-Page criteria. Our results
for the free energy reinforce the Witten interpretation of the confinement/deconfinement transition
as the dual of the well-known Hawking-Page transition.
PACS numbers: 11.25.Tq ; 11.25.Wx ; 12.38.Aw
I. INTRODUCTION
Confinement of quarks is a very old problem that un-
til now has not been solved. At low energies perturba-
tive QCD can not be applied because the coupling con-
stant is large. Effective theories and lattice QCD have
given important contributions to the understanding of
this problem. A very useful approach to the confine-
ment problem is the study of large N gauge theories be-
cause of the possibility of obtaining analytical and nu-
merical results for large (‘t Hooft) coupling in a simple
way via the AdS/CFT correspondence [1, 2]. This corre-
spondence relates large N gauge theories on a n dimen-
sional manifoldM to 10-d string theories on AdSn+1×W
being M the boundary of AdS and W some compact
space. In particular, in the context of AdS/CFT cor-
respondence Witten showed that N = 4 Super Yang-
Mills (SYM) theory in S3 × S1 at strong coupling ex-
periments a confinement/deconfinement transition that
corresponds holographically to a gravitational transition
between AdS5 and black hole AdS5 defined in global co-
ordinates [3, 4]. This gravitational transition was studied
before by Hawking and Page [5]. The confinement crite-
ria stated in [3, 4] is the behavior of the free energy of
large N N = 4 SYM theory in S3 × S1. The theory is
confining at low temperatures because the free energy is
of order 1 (color singlet contribution) while is deconfining
at high temperatures because the free energy is or order
N2 (gluons contribution). This criteria can be extended
to the cases Sn−1 × S1.
Finite temperature QCD lives in R3 × S1 which is the
boundary of AdS5 in Poincare´ coordinates. SYM theory
in R3×S1 is not confining as can be seen using the Wilson
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loop prescription [6]. This prescription relates a Wilson
loop of the gauge theory to the world-sheet area of a
static string living in AdS5×S5 in Poincare´ coordinates.
In particular, the free energy of a quark anti-quark pair
in R3 × S1 can be calculated from the correlator of two
Polyakov loops and exhibits a coulombian behavior. This
behavior can be interpreted as deconfining because the
free energy vanishes when the quark anti-quark distance
goes to infinity. The Wilson loop prescription was gener-
alized to other curved spaces and a confinement criteria
was established [7]. The quark anti-quark free energy at
high temperatures for the space R3 × S1 was calculated
in [15–17] by considering an AdS5 black hole in Poincare´
coordinates. Other Wilson loop calculations involving
gauge/string duality can be found at [8–10].
There are some phenomenological models that intro-
duce confinement in R3×S1. A well succeeded one is the
hard wall model which consists on introducing a hard wall
on Poincare´ AdS5 space interpreted holographically as
an infrared cut-off for the gauge theory. This model was
motivated on the calculation of scattering amplitudes [11]
and leads to confinement at low temperatures [14]. At
high temperatures there is a confinement/deconfinement
transition corresponding to a Hawking-Page transition
between (Poincare´) AdS and (Poincare´) black hole AdS
space [12, 13]. Other calculations of quark anti-quark
potential using phenomenological models can be found
at [18–20].
In spite of being a little far from real world, large N
gauge theories on Sn−1 × S1 are physically interesting.
For instance, it is possible to use perturbation theory
in the small radius regime so that thermal transitions
can be studied and connect them with the Hawking-
Page and Hagedorn transitions which are important in
string theory and quantum gravity [21, 22]. The mean
of this work is to calculate the free energy of a quark
anti-quark pair living in Sn−1 × S1 space where S1 rep-
resents the imaginary time coordinate with a period β
2identified with the inverse of the temperature. For this
purpose we consider a Wilson loop containing two tem-
poral lines and two spatial lines. The quark anti-quark
free energy can be extracted from the correlator of two
Polyakov loops. In order to relate our Wilson loop to
the Polyakov loop correlator, the size of the temporal
lines must be β. The dual description consists in a static
string with the quark and anti-quark at the end points.
This string configuration gives the dominant contribu-
tion to the connected part of the Polyakov loop corre-
lator (see for example [4, 15, 16, 18, 23]). Then what
we mean by potential in this article is the quark anti-
quark free energy obtained from the connected part of
the Polyakov loop correlator. We follow the procedure of
[7] to calculate this potential. The space Sn−1 × S1 is
the boundary of two spaces: global AdS and black hole
AdS in n + 1 dimensions. We first calculate explicitly
the n = 3 case where asymptotic limits for the poten-
tial are studied and then we generalize our results to the
cases n ≥ 4. We find a coulomb-like behavior of the
free energy in the case of global AdSn+1 and show that
this behavior can be interpreted as confining. At high
temperatures we calculate the quark anti-quark free en-
ergy for the two possible black hole solutions : the big
black hole and small black hole in AdSn+1. In the case
n = 4 our results for the big black hole agree with those
obtained before by Landsteiner and Lopez [24] where it
was defined a screening length for the quark anti-quark
free energy. Here, we calculate this screening length as
a function of the temperature and the horizon position.
For the big black hole the screening length never reaches
the maximal distance while for the small black hole this
could happen. This will imply (for n ≥ 3) that the big
black hole AdSn+1 is indeed deconfining at any (high)
temperature while the small black hole could give con-
finement in the limit T → ∞. The Hawking-Page crite-
ria states that the small black hole solution is instable, so
deconfinement is guaranteed at high temperatures. Our
results indicate a confinement/deconfinement transition
for the quark anti-quark free energy in Sn−1 × S1 corre-
sponding to a Hawking-Page transition from AdSn+1 to
black hole AdSn+1.
II. WILSON LOOPS ON THE ADS BOUNDARY
In this section let us calculate the quark anti-quark
free energy on the compact space S2 × S1. This space
is the boundary of the AdS4 space in global coordinates.
The metric of global AdS4 with Euclidean signature is
ds2 =
(
1+
r2
R2
)
dt2+
dr2(
1 + r
2
R2
)+r2(dθ2+sin2 θdϕ2) (1)
where 0 ≤ θ < pi , −pi ≤ ϕ < pi and 0 < r < ∞ . The
time coordinate is compact : 0 ≤ t ≤ β with β = 1/T .
For simplicity we consider θ = pi/2 and define a new
FIG. 1: The Wilson loop on the boundary of AdS4
with θ = pi/2. AB and CD are the corresponding
Polyakov loops. The top and bottom bases of the solid
cylinder are identified.
coordinate x = Rϕ with dimension of length. The metric
then reads
ds2 =
(
1 +
r2
R2
)
dt2 +
dr2(
1 + r
2
R2
) + r2
R2
dx2 (2)
where −piR ≤ x < piR. We consider the rectangular
Wilson loop of Fig 1 living in the AdS boundary (r =
∞). The quark and anti-quark are localized at x = L
2
and x = −L
2
. The distance between the quarks L has a
maximum value Lmax = piR because of the compactness
of the x coordinate.
The dual configuration consists on a static string living
on AdS with the quarks at the end points. The Nambu-
Goto action for this string is
S =
1
2piα′
∫
dσdτ
(√
det(GMN∂τXM∂σXN
)
=
β
2piα′
∫ L/2
−L/2
dx
√
f(r)2 + g(r)2(∂xr)2 (3)
where
f2 = gttgxx =
(
1 +
r2
R2
) r2
R2
g2 = gttgrr = 1 (4)
and we parameterized the string configuration by τ = t
and σ = x valid for −piR/2 ≤ x ≤ piR/2 (the other
region should be parameterized in other way but it is not
necessary to work there because of the symmetry of the
problem).
The solutions for the static string configuration (corre-
sponding to a minimum action) represent geodesics of the
AdS space where the string reaches a minimum for the
radial coordinate r0 (see Fig 2). Using the prescription
of [7] we find
L = 2
∫ ∞
r0
dr
g(r)
f(r)
[ f2(r0)
f2(r) − f2(r0)
]1/2
3FIG. 2: Schematic representation of
geodesics in AdS space.
FIG. 3: 1
Λ
vr L
R
for globalAdS4.
=
∫ ∞
1
2R
√
1 + Λ2dy
y4
√
Λ2 + 1y2
√
1− 1y2
√
1+Λ2
y2 + Λ
2
(5)
where Λ = r0R and y =
r
r0
.
The regulated free energy is given by
F =
1
piα′
∫ ∞
r0
dr
g(r)f(r)√
f2(r) − f2(r0)
− 1
piα′
∫ ∞
0
drg(r)
= ΛRpiα′

∫ ∞
1
dy


√
1
y2 + Λ
2√
1− 1y2
√
Λ2 + 1+Λ
2
y2
− 1

− 1

 (6)
where the second integral of the first line represents a
regulator interpreted as the sum of the quark anti-quark
masses.
The integrals for L and F are elliptical so we calculate
them numerically. We find a free energy with coulombian
behavior at small distances and that goes to zero only
when L goes to Lmax. We will explain in the last section
why this behavior for the free energy can be interpreted
as confining. Our results are shown in Figs. 3 and 4.
It is interesting to analyze the behavior of the free en-
ergy in the asymptotic limits L << R and L → piR.
FIG. 4: α
′
F
R
vs L
R
for globalAdS4 .
For this purpose it is convenient to define the variable
t ≡ 1/y2. Then
L =R
√
1+Λ2
∫ 1
0
dt
t1/2√
1− t√t+ Λ2√Λ2+(1 +Λ2)t (7)
F =
ΛR
2piα′
∫ 1
0
dt t−3/2
[ √
t+ Λ2√
1−t√Λ2+(1+Λ2)t−1
]
− ΛR
piα′
(8)
Now we can evaluate the asymptotic limits .
(i) L << R
In this case Λ is very large, then we have
L≈ R
Λ
∫ 1
0
dt t1/2(1 − t2)−1/2= R
2Λ
∫ 1
0
dρ ρ−1/4(1− ρ)−1/2
=
R
2Λ
B(3/4, 1/2) (9)
where ρ = t2 . The integral for the free energy F is
F ≈ ΛR
2piα′
∫ 1
0
dt t−3/2
[
1√
1− t2 − 1
]
− ΛR
piα′
= − a
L
(10)
where a =
2C21R
2
piα′ with C1 = 1.198. This result is similar
as the one obtained working in the Poincare´ AdS metric
[6]. For small distances x this metric can be thought as
the asymptotic limit r >> R of our global AdS metric ,
which is
ds2 =
r2
R2
dt2 +
R2
r2
dr2 +
r2
R2
dx2 (11)
but note that in this case the coordinate x has to be small.
The behavior of this free energy is analogous to that of
the phenomenological Cornell potential for a heavy quark
anti-quark pair at small distance .
4(ii) L→ piR
In this case Λ is small then the integral for L is
L ≈ R
∫ 1
0
dt
t1/2√
1− t(t+ Λ2)
= pi R [1− Λ√
1 + Λ2
] (12)
The integral for the free energy is given by
F ≈ ΛR
2piα′
∫ 1
0
dt t−3/2
[
1√
1−t
(
1− Λ
2t
2(2Λ2+t)
)
−1
]
−ΛR
piα′
=
ΛR
4piα′
[
L
R
− pi] (13)
where we approximated the term
1√
Λ2 + (1 + Λ2)t
≈ 1√
Λ2 + t
(1 − tΛ
2
2(Λ2 + t)
) (14)
From equation (12) we have that
Λ = −
L
R − pi
pi
√
1− (1− LpiR )2
(15)
so we finally obtain
F ≈ − R
4pi2α′
(LR − pi)2√
1− (1− LpiR )2
(16)
= − R
4pi2α′
(
L
R
− pi)2 (17)
This result could be obtained considering the asymp-
totic behavior r << R of the metric :
ds2 = dt2 + dr2 +
r2
R2
dx2 (18)
with the quarks in a brane localized at r1 = 2R/pi.
Note that when L reaches Lmax = piR the free energy
takes its maximal value F = 0.
III. BLACK HOLE METRIC
The black hole AdS4 metric in global coordinates is
defined by
ds2 =
( r2
R2
+ 1− w3M
r
)
dt2 +
dr2(
r2
R2 + 1− w3Mr
) +
r2
(
dθ2 + sin2 θ dϕ2
)
(19)
FIG. 5: Curve a, correspond a U-type geodesic and b a Box-
type geodesic.
where 0 ≤ θ < pi , −pi ≤ ϕ < pi and 0 ≤ t ≤ β .
The factor w3 is included so that M is the mass of the
black hole. Also, the spacetime is restricted to the region
r ≥ r+, with r+ the largest solution of the equation
r2
R2
+ 1− w3M
r
= 0 . (20)
The region r = r+ is the horizon of the black hole
metric . The temperature of the black hole is related to
r+ by
1
T
= β =
4piR2r+
3r2+ +R
2
(21)
Note that there is a minimum temperature Tmin for
the existence of this black hole that corresponds to a
critical horizon rc+ = R/
√
3. This critical horizon divides
two possible black hole solutions : the big black hole
(BBH) with an horizon that grows with temperature and
the small black hole (SBH) with an opposite behavior.
The Hawking-Page criteria states that for temperatures
T > Tmin the big black hole is stable only for r+ ≥ R
while the small black hole is always instable [5].
We again consider θ = pi/2 and define x = Rϕ so the
black hole metric reads
ds2=
( r2
R2
+1− w3M
r
)
dt2+
dr2(
r2
R2 + 1− w3Mr
) + r2
R2
dx2 ,
(22)
then
f2 = gttgxx = (
r2
R2
+ 1− w3M
r
) r2
R2
g2 = gttgrr = 1 (23)
Now, we put a quark at x = L
2
and an anti-quark at
x = −L
2
. In this space we have two possible solutions
for the static string : the first one is a U-type solution
5similar to the one obtained before for the AdS where the
string reaches a minimum for the radial coordinate r0 ,
the second solution is a string reaching the horizon (see
Fig 5). Depending on the value of L one of those solutions
will have the minimum free energy. The distance and free
energy for the quark anti-quark pair are in this case
L = 2R
√
1 + Λ2 − γ
Λ
∫ 1
0
dt t2√
Λ2 + t2 − γ
Λ
t3
√
1− t
[(
1 + t
)(
(1 + Λ2)t2 + Λ2
)
− γ
Λ
t3
]1/2 (24)
F =
RΛ
piα′
∫ 1
0
dt t−2
[ √Λ2 + t2 − γ
Λ
t3√
1− t[(1 + t)(Λ2 + (1 + Λ2)t2)− γ
Λ
t3]1/2
− 1
]
− R
piα′
(
Λ− Λ+
)
. (25)
where t ≡ r0r , Λ = r0R and we defined
FIG. 6: Fα
′
R
vs L
R
for black hole AdS4 at different temper-
ature values.
γ ≡ ω3M
R
= Λ+
(
1 + Λ2+
)
(26)
with Λ+ ≡ r+R . Note that Λ ≥ Λ+ because r0 ≥ r+ . We
also used the mass regulator
2mq =
1
piα′
∫ ∞
r+
dr g(r) (27)
From eq (25) it is not difficult to show that the Box-
type solution has always zero free energy. The free energy
of the U-type solution is negative for small L and exhibits
the same coulombian behavior found in eq. (10) . When
we increase the distance the free energy increases and
reaches the zero value for some length Lc that depends
on Λ+. When L > Lc the free energy of the U-type so-
lution becomes positive and is inestable compared with
FIG. 7: T vs Lcrit for black hole AdS4 .
the Box-type solution (which has zero free energy for ev-
ery L). So we find a transition for the free energy cor-
responding to a transition between the U-type and the
Box-type solutions being Lc a screening length for which
the free energy reaches the zero value. We show in Fig.
6 the free energy as a function of the distance for the
two black hole solutions at different values of the tem-
perature. Note that the big black hole solution has a
screening length that is always lower than the maximal
distance Lmax = Rpi while the small black hole has a
confining limit corresponding to Lc → Lmax.
This limit is achieved when T →∞ that corresponds to
Λ+ → 0 when the small black hole AdS4 becomes AdS4
(which is confining). In Fig. 7 we show the temperature
as a function of the screening length. It is interesting
to obtain the screening length dependence on Λ+ for the
big black hole. From Fig. 8 we see that for large Λ+ the
product Λ+L
crit is constant and approximately equal to
0.79. This behavior was also obtained for the Poincare´
black hole [17].
6FIG. 8: Λ+Lc vs Λ+ for black hole AdS4 .
IV. WHAT ABOUT S
n−1
× S1 ?
The quark anti-quark potential in Sn−1 × S1 can be
calculated in a similar way as the S2 × S1 case. At low
temperatures we have to deal with the global AdSn+1
space. The metric of this space for n ≥ 4 is given by
ds2 =
(
1+
r2
R2
)
dt2+
dr2(
1 + r
2
R2
)+r2(dθ21 + n−2∏
i=1
sin2 θi dϕ
2
)
+
n−2∑
m=2
m−1∏
i=1
r2 sin2 θi dθ
2
m (28)
where 0 ≤ θ1 < pi 0 ≤ θm < pi , −pi ≤ ϕ < pi , 0 < r <∞
and 0 ≤ t ≤ β. If we choose θ1 = θm = pi/2 and define
x = Rϕ we arrive at the same metric of eq.(2) so we find
the same free energy found before working in AdS4 (Fig
4).
At high temperatures, we use the black hole AdSn+1
(n ≥ 4) with metric
ds2=
(
1+
r2
R2
− wnM
rn−2
)
dt2+
dr2(
1 + r
2
R2 − wnMrn−2
)+ r2dθ21
+ r2
n−2∏
i=1
sin2 θi dϕ
2+
n−2∑
m=2
m−1∏
i=1
r2sin2θi dθ
2
m (29)
where r ≥ r+. The temperature is now related to r+ by
1
T
= β =
4piR2r+
nr2+ + (n− 2)R2
(30)
Now the critical horizon is rc+ = R
√
n−2
n , the
Hawking-Page horizon is always r+ = R which is always
above rc+ so the big black hole (r+ ≥ R) is stable while
the small black hole is always instable [5]. Choosing again
θ1 = θm = pi/2 and defining x = Rϕ we obtain
ds2=
( r2
R2
+1− wnM
rn−2
)
dt2+
dr2(
r2
R2 + 1− wnMrn−2
) + r2
R2
dx2 ,
(31)
so we find in this case
f2 = gttgxx = (
r2
R2 + 1− wnMrn−2
)
r2
R2
g2 = gttgrr = 1
(32)
leading to
L=2R
∫ 1
0
dt t2
√
1 + Λ2 − γ
Λn−2√
Λ2 + t2 − γ
Λn−2
tn
[
(1− t2)((1 + Λ2)t2 + Λ2) + γ
Λn−2
(t4 − tn)
]1/2
F =
RΛ
piα′
∫ 1
0
dt t
−2
[ √
Λ2+t2− γ
Λn−2
tn
[(1 − t2)((1+ Λ2)t2 + Λ2) + γ
Λn−2
(t4 − tn)]1/2−1
]
− R
piα′
(
Λ− Λ+
)
(33)
where
γ ≡ ωnM
Rn−2
= Λn−2+
(
1 + Λ2+
)
. (34)
These integrals are slightly different from the integrals
found before but the result for the free energy is very
similar. We find (again) a transition between a U-type
and a Box-type solution and a screening length Lc so that
7FIG. 9: α
′
F
R
vs L
R
for black hole in AdS4 ,AdS5 and AdS10
(Λ+=10 ).
the free energy is negative below Lc and zero above. We
compare in Fig 9 the potential energies as a function of
the distance for n = 3, 4 and n = 9 at a fixed horizon
position Λ+ = 10. We see that the energies coincide
at small distances and there is a little diminution of the
screening length when the dimension grows up. Then the
screening length will never reach the maximum distance
Lmax = Rpi in the big black hole. This means that the
corresponding gauge theory in Sn−1 × S1 is deconfining
at high temperatures for any n ≥ 3. For the special case
n = 4 which corresponds to SYM theory in S3 × S1 our
results agree with those obtained before by Landsteiner
and Lopez [24] where this screening length was defined.
V. PHYSICAL DISCUSSION
We calculated the free energy of a quark anti-quark
pair in a compact space Sn−1 × S1 with the period of
S1 being the inverse of the temperature. For the global
AdS we find a quark anti-quark free energy that has a
coulomb-like behavior and that goes to zero only at the
maximum distance Lmax in the circle of Fig 2. So if
the quark is in a fixed position the only way to obtain
a zero free energy is to put the anti-quark at a distance
Lmax = piR. This means that the anti-quark does not
have the freedom to move in the x coordinate without
feeling the potential so this corresponds to a confinement
scenario. This scenario is in accordance with the one ob-
tained in [4]. At high temperatures the static string in
the black hole metric leads to a coulomb-like free en-
ergy that goes to zero at a screening length Lc. We
calculate the dependence of Lc on the horizon position
and temperature and show that it only reaches Lmax for
the small black hole solution which is instable by the
Hawking-Page criteria. For the (stable) big black hole
we found that Lc is always lower than Lmax so consider-
ing a quark in a fixed position the anti-quark has some
freedom to move in the x coordinate with corresponds
to a deconfinement scenario. We conclude that the tran-
sition of the quark anti-quark free energy in Sn−1 × S1
when one goes from AdS to black hole AdS is indeed a
confinement/deconfinement transition when included the
Hawking-Page criteria of stability. This confirms the in-
terpretation of the confinement/deconfinement transition
in Sn−1×S1 as the dual of the Hawking-Page transition
supported by the entropy jump of the spaces.
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